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INTEGRATED INDUCTORS
Integrated inductors also called as spiral inductors, on-chip inductors or planar
inductors are inseparable part in radio frequency integrated circuits (RFICs). Increas-
ing growth in RFICs from the past few decades has forced study of these components
in greater detail. Apart from IC inductors there are several components mounted
on a chip - namely capacitors, resistors, MOSFETs, diodes etc. It is extremely im-
portant to understand the electrical and magnetic behavior of all these components.
Electrical behavior of these components is easy to understand. However, the real chal-
lenge lies in realizing and predicting the magnetic behavior of components namely,
inductors and capacitors. Capacitors have their own physical model developed for
accurate modeling, but for inductors there are many factors to be considered. As the
frequencies in RFICs are in the GHz range, factors such as self resonant frequency
(SRF ), quality factor (Q), self and mutual inductance are critical to design due to
the very small size of inductor. Past research in this field has made it possible to
predict magnetic behavior accurately by theoretical methods and/or electromagnetic
simulators. Apart from these simulators, various equations have been derived for
accurate calculation of inductance related to several geometries. Lumped physical
models developed in the past help to model parasitic elements most accurately.
This thesis concentrates on a brief study of integrated inductors, their construction
xiii
and modeling. Different electromagnetic simulators available in the market are re-
viewed. A MATLAB based spiral and π network calculators have been developed.
Spiral calculators helps to compare different equations while a π calculator solves for
parasitic components depending on substrate material, dielectric layer thickness, and
metal oxide thickness. The main aim of this research was to design a theoretical
design procedure for designing inductor internal dimensions. It has been described
briefly with the design example. The proposed method makes it easy to design in-
ternal dimension such as the inner diameter (d), width (w), spacing (s), height (h),
and number of turns (N ). The results obtained are closer to the desired ones.
xiv
1 Introduction
1.1 Background
During the past few years, there has been a tremendous increase in the development
of radio frequency integrated circuit (RFIC) technology. An RFIC is a combination
of electrical and magnetic components, out of which diodes, transistors, and ampli-
fiers are electrical components and inductors and capacitors are magnetic components.
The behavior of magnetic components completely depends upon their magnetic prop-
erties. Since radio frequencies are in the upper range. The size of all the components
are extremely small. Continuous attempts are being made to develop a circuit that
consumes low power at high frequencies yielding optimal performance. The inductors
used in RFIC’s are of spiral shape and have extremely low inductance. Main applica-
tions of integrated inductors include low-noise amplifiers(LNA’s), voltage-controlled
oscillators(VCO’s), mixers, and intermediate frequency filters (IFF’s). CMOS and
BiCMOS technologies are the basis of design as cost is major contributing factor.
The basic requirement for IC is accurate modeling of spiral inductors. A major
drawback in the RFIC design is accurate modeling of integrated inductors. Inte-
grated inductors are passive elements of circuits and, unlike transistors, diodes, and
capacitors, these do not have simple compact physical models. Parameters like induc-
tance L, quality factor Q, and self- resonant frequency SRF are extremely important
to good design. However, there is no simple method or technique to model these
inductors. In the past, inductors were modeled on silicon based upon numerical tech-
nique, empirical formulae and or curve fitting method [12]-[24]. These methods do
not produce accurate an and reasonable result for a wide range of process parameters.
Recently, various CAD tools and simulation programs have been developed to model
these inductors [8]-[11], but they are computationally extensive and expensive. The
1
results obtained for Q and SRF are not accurate from a design standpoint. There-
fore, one has to choose between expensive simulators or those which does not give
good results. An alternative method of prototyping has been developed, which uses
the modeled data from the library of measured spirals.
There is a requirement of compact physical model for good inductor design. A
primary difficulty at these high frequencies is the eddy current crowding. In addition
to electromagnetic simulators, numerous equation have been derived/published in the
past [2], [5]-[7],[25]-[32] for exact calculation of integrated inductors. The equations
are developed for square, hexagonal, octagonal and circular inductor geometries. But
still, it has not been concluded which equation(s) gives the best and accurate result
for the value of inductance to be calculated [1].
1.2 Thesis Objectives
1. Study of integrated inductors.
2. Analyzing the equations for calculating inductance of different geometries.
3. Investigate the effects of internal and external dimensions of different shapes on
inductance value.
4. Attempt to choose good equations which yields reliable results.
5. Develop a MATLAB - GUI spiral and π calculators.
6. Develop a design procedure for calculating IC inductor internal dimensions.
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1.3 Thesis Organization
Chapter 2 deals with basic inductor specifications, their description and introduction
to various software for inductance calculations will be discussed. Chapter 3 includes
the explanation of the lumped parameter model,detailed analysis of all the spiral
geometries such as construction and diagrams, and internal and external dimensions.
Chapter 4 explains the effect of various internal and external dimensions on various
geometries. This also includes MATLAB plots indicating inductor behavior when its
dimensions are varied. Chapter 5 explains the two design procedures in detail with
examples. Chapter 6 gives introduction to IC Transformers and Chapter 7 outlines
PCB Integrated Inductors.
3
2 Inductor Specifications and Introduction to Elec-
tromagnetic Simulators
2.1 Inductor Specifications
A current flowing through the conductor produces magnetic flux. This magnetic flux
generates the electromotive force (EMF) proportional to the flow of current. Any
change in current changes the magnetic flux. This in turn changes the EMF. Induc-
tance is a measure of this change in EMF per unit change of current. Consider a single
turn inductor carrying a 1 ampere current producing 1 volt EMF. Corresponding in-
ductance(L) measured is 1 Henry (H). Now, if the number of turns are increased, the
EMF varies and so does the inductance L. Some of the important specifications of an
inductor are
• (a) Self Inductance
• (b) Mutual Inductance
• (c) Quality Factor
(a) Self Inductance Suppose there are two coils connected in series having a certain
number of turns. Change of current in coil 1 causes change in magnetic flux linking
with coil 2. Similarly, it causes change in its own magnetic flux linking with self turns.
This changes the self flux linkages, and is called as self inductance of coil denoted by
L. The flux linkage is given by
v(t) = −Ldi
dt
. (1)
(b) Mutual Inductance Consider the same example as in case of self inductance.
The change in current flowing through coil 1 produces change in magnetic flux linking
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with the second coil. This causes a change in flux linkages of coil 2 and is called as
mutual inductance denoted by M. The flux linkage is given by
v(t) = −M12 di
dt
. (2)
If there are multiple coils connected in series, the total inductance of a coil is given
by
LT = L1 + L2 + L3 + .... + Ln ± 2M12 + .... (3)
The sign for mutual inductance in the above equation depends on whether EMF’s
are adding or subtracting with self EMFs. According to Lenz’s law self EMFs always
oppose the mutual EMFs indicating negative sign.
(c) Quality Factor (Q) - An ideal inductor is lossless. The coil of an inductor
is made of metal wire, which consists of some parasitic resistance. When current
flows through the coil it causes heat loss due to series resistance, which deteriorates
the quality of the inductor for a given design. Measure of heat loss is called as the
quality factor of the inductor. It is given as ratio of inductive reactance to series
resistance.
Q =
ωL
R
. (4)
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2.2 Electromagnetic Simulators
Electromagnetic simulators [8]-[11] used commercially for modeling of integrated in-
ductors and transformers are
(1) ASITIC
(2) Agilent ADS
(3) SONNET
(4) Kansas State University Software
(5) Lumped circuit model
(1) ASITIC - Analysis and Simulation of Inductors and Transformers in Inte-
grated Circuits- is a simulation software developed by the University of California at
Berkeley [3] for accurate modeling of integrated inductors on lossy conducting sub-
strate. It is a CAD tool for analyzing and optimizing the magnetic components at
high RF frequencies having Unix base compatible with X Windows. Commercially
it is used on a large scale in industries for designing high frequency circuits. Eddy
currents and Skin effect can be modeled accurately. Graphical User Interface (GUI)
is a built-in feature that helps in displaying the structures in two or three dimensions.
Current and Charge density is displayed allowing the user to clearly understand cur-
rent flow and losses originating in substrate.
It converts complex Maxwell’s equations into simple linear equation with Green func-
tion. Consider if a matrix is of order 10 then, Gaussian elimination method is used
for solving. Practically, the order might be in the range of hundreds or thousands.
In such cases, LAPACK - a kind of numerical package-is used to invert the linear
equations effectively. The simulation calculation includes three basic steps. Initially,
inductance and capacitance matrix is formulated. Next, green function is used to
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compute matrix element over volume integration. The following step includes for-
mulation of equivalent KCL and KVL equations. The third and final stage includes
solving for electrical properties.
Complex numerical integration of volume elements is involved in the capacitance
“matrix fill” stage. It is possible to reduce the numerical integration to the sum of 64
complex addition. Each of this addition is carried out in discrete cosine transform.
This saves computation time. Closed form is used to solve inductance “matrix-fill”.
There are simple commands that assist the user in handling the software hassle free.
Typing help on ASITIC prompt displays the list of basic commands [8]. Some of
them are described below.
Creation - It is used to create a new structure. Commands such as square ,spiral
are used to create square and polygon design structures, respectively. The SqMM
and sqsh commands are used for creating multi-layer structures.
Graphics - Used to modify the view properties. Scale command changes the scale
of view allowing to zoom in and zoom out.
Edit allows the user to modify the shape of the present structure. The move ,
movex and movey commands are used to move the structure in x or y direction
respectively. The delete command is used to delete a particular structure.
In addition to the above commands, various other simple commands are available
to create the desired design. Another important block / part is the Technology
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file. It processes the parameters for layer thickness and sheet resistance. Either the
CMOS or BiCMOS technology file can be selected as reference. Binary FFT data
files store the results in binary form.
(2) Agilent ADS - Developed by Agilent Technologies, Agilent ADS is a electro-
magnetic simulation software for analyzing two dimensional structures [9]. The main
advantage of this software is that the input is a reference technology file that is solved
one at a time. This allows the user to test different shapes in the same process with
less time. The library of spiral inductor is available and the user has the option to
choose one from the library os spiral inductor is available and the user has the option
to choose one from the library or build on his nor her own structure. The interest-
ing feature of this software is one can see the effect, such as current crowding and
interpret the result. Generally the output is in the form of a Smith Chart. The only
disadvantage is the long simulation time.
(3)SONNET - SONNET is a 3-D electromagnetic simulator for analyzing the spi-
ral inductors on silicon which is developed by Sonnet Software Incorporation [10].
It is designed for three dimensional structures of about 14 Mbytes in size. Its stu-
dent version can be downloaded free from http://www.sonnetusa.com. Fast Fourier
Technique (FFT) is used as the base for analysis that minimize the need for large
numerical integration. Coupling and Radiation effects is solved by ’Method of Mo-
ment’. Output results is in the form of S,Y,Z parameters or lumped SPICE models.
Sonnet is available in three specifications
(1) Sonnet Suit Professional
(2) CST Microwave Studio
(3) Sonnet Lite
8
Applications of Sonnet for 3-D Planar circuits are -
(1) Filters
(2) MMIC/RFIC
(3) PCBs
(4) LTCC
(5) Planar Antennas
This suffers from the disadvantage of long simulation time similar to Agilent ADS.
(4)Kansas State University Software - This software is developed by Kansas
State University in C++ language and its GNU g++ compiler is used for program
compilation [11]. It is used for inductor and transformer design. It has been stated
by the developer that it works faster in comparison with other softwares mentioned
above and results obtained are within permissible limits.
When executed, the program first asks the user to enter the structure to be de-
signed from the given options. Next, the substrate specifications are required to be
entered in micron. Further, the type of shield required-ground or poly- and desired
dimensions such as length, insulation thickness, and width in microns should be en-
tered. There is an option for shield resistance and insulator permittivity.
The technology file should be created for the execution of a program. It contains infor-
mation such as epi-layer thickness, epi-layer resistivity, substrate resistivity, number
of layers, and layer specification having metal sheet resistance, metal layer thickness,
insulator thickness, insulator resistivity. Following the technology file geometrical
specifications like outer dimension, number of turns, spacing, and width are entered.
There is a provision for closed turn approximation which displays the output on the
screen calculating new dimensions. Output is modeled to a SPICE file. In addition
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to inductors, this program is also designed for stacked, interwound, and stacked-
interwound transformers.
(5)Lumped circuit model - Lumped circuit model technique was developed in the
past [12]-[24] for the modeling of the spiral inductor geometries developed by H.M.
Greenhouse [2]. It uses turn-by-turn approach for square structures and segment-by-
segment approach for Meander type structures. This procedure is very tedious and
mathematically complex. This method is described in detail in the next chapter.
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3 Spiral Inductor Modeling
Present chapter deals with the construction and modeling of spiral inductors.
3.1 Construction
Fig. 1 shows the basic arrangement of an integrated inductor (IC) on the substrate
[19]. Typical shapes of different spiral inductors are square, hexagonal, octagonal
and circular as shown in Fig. 2, 3, 4, and 5. IC inductors consist of a metal trace
manufactured by low-resistivity metals such as aluminium, copper, gold or silver.
The number of turns to be designed depends upon the requirement of L. The metal
spiral is mounted on silicon dioxide layer having a considerable thickness tox of 0.4 - 3
µm. The silicon dioxide acts as an insulation between the metal trace and substrate.
Further, this assembly is rested on a substrate layer. The commonly used materials
for substrate layers are silicon (Si), silicon germanium (SiGe), and gallium arsenide
(GaAs). Si is extensively used for substrate manufacturing. However, in the recent
t ox 2S Oi
Metal (Cu, Al, Au or Ag)
Substrate ( Si, SiGe or GaAs )
layer
Figure 1: Basic construction of IC inductor on substrate.
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Figure 2: Square spiral inductor.
years GaAs has become popular due to low resistivity and higher specific resistance.
Typical thickness of the substrate is around 500 - 700 µm.
The top and outermost end of the inductor are directly connected to a port while
the inner end is connected to the metal strip or air bridge from beneath. Generally,
the uppermost layer of metal is used for construction as it offers a low resistance to
the current. Parasitic capacitances can be reduced greatly by maintaining a large
distance between topmost layer and substrate. The important physical dimensions of
spirals are inner diameter (d), outer diameter (D), spacing between turns (s), width
of metal trace (w), and height of metal trace (h). Practical values for w, s and h are
30 µm, 20 µm, and 20, µm respectively. Typical construction is shown in Fig. 1 and
Fig. 2 shows different spiral inductor geometries with d, w, s, and D.
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Figure 3: Hexagonal spiral inductor.
d
D
s
Figure 4: Octagonal spiral inductor.
3.2 Modeling of Spiral Inductors
Radio frequency circuits require frequency in GHz range. RFIC circuits are com-
prised of integrated inductors, which are important components. They are used in
Low Noise Amplifier (LNA) as an impedance matching device [13]. A monolithic filter
applies them for resonant load and matching device. Performance is affected poorly
when Si is used for substrate due to low resistivity. BiCMOS and CMOS technological
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Figure 5: Circular spiral inductor.
processes are the basis of design due to low cost. Generally, inductors are laid out one
over the other in two or mutli-layer structures. BiCMOS allows to use 3 layers while
CMOS allows 5 layers. Two metal layers having the highest conductivity are required
for an inductor. Often quality factor (Q) of inductors in RFIC applications is poor
and is typically around 5. It is possible to improve Q to 8 using highly resistive sub-
strate. For achieving high Q, accurate and reliable modeling of inductors is required.
Geometrical dimensions such as width, spacing, and area should be considered. Self
and mutual inductances, quality factor and self resonant frequency has three inductor
matrices one each. Some situations demand high Q while an impedance value can
be a major requirement for LC tanks. Some designs require careful measurement of
parasitic capacitances.
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During the early 90’s, there was no perfect method or simulation software for pre-
cise modeling of integrated inductors. The technique used was thoroughly manual
based. In this technique, a measured set of library values were used for modeling.
The library contained lookup tables from the data recorded with perturbations of in-
ductors [19]. This method was accurate for certain designs only. When a new design
had to be developed all the set of library was required to be derived again manually.
Extensive research and development in the modeling area [12]-[24] gave birth to π net-
work which is presently considered precise for inductor modeling. Earlier 7 element
network representations was the basis of π network. With the advancement it can
now be represented by 9 elements. This model works very well with recently devel-
oped electromagnetic simulators suffering from disadvantage limited to narrow band
applications. Reference [13] provides with suitable guidelines for modeling of spiral
inductors and transformers. Depending upon the type of structure, i.e, stand-alone
or coupled, certain parameters should be analyzed. The values of Q and fSR depends
on geometric dimensions, type of material used for inductor trace, and substrate [13].
Summation of the extra layer to existing layer results in increased inductance by 300%
and decreased quality factor by 50% [13].
Different three dimensional electromagnetic simulators available for accurate mod-
eling of spiral inductors have been discussed in the previous chapter. The present
chapter describes the physical techniques used for modeling of spiral inductors on Si.
In this section, the π network model is analyzed and discussed in detail. A 2π model
has been discussed to overcome shortcomings in the single π model. The two main
difficulties in physical modeling at high frequencies are the effects of eddy currents
and substrate losses. The first step requires determination of relevant parasitics and
effects which they can create. Inductor is energy storing device and an ideal inductor
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Cox Cox
Cs
RsL s
CSiR Si CSi R Si
Figure 6: Equivalent π network of spiral inductor on silicon.
is lossless. But the actual inductor is having parasitic resistance and capacitance that
produce the following effects in inductor:
1. Parasitic resistance produce heat following Ohm’s law.
2. Parasitic capacitances stores electrical energy in them.
The physical π-model of spiral inductor on silicon is shown in Fig. 6.
where
1. Ls, Rs, Cs are series inductance, resistance and capacitance respectively.
2. Cox is the oxide capacitance.
3. Csi and Rsi are the Si substrate capacitance and resistance respectively.
The π circuit shown in Fig. 6 [14] is a combination of five two-port admittance
circuits namely, YPAD, YSUBin, YS, YSUBout, and YPAD. A known s parameter enables
the generation of linear matrices for all corresponding two-port circuits. The linear
matrices are named as MPAD, MSUBin, MS, MSUBout, and MPAD respectively. The
total inductance matrix, MTOT is given by:
MTOT = MPAD.MSUBin.MS.MSUBout.MPAD (5)
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SUBinY SUBout
Y
SY
Figure 7: Equivalent analyzed π network of spiral inductor on silicon.
MTOT can be known from the frequency of every measurement performed. Mπ matrix
can be calculated if MPAD is known earlier and is given by
Mπ = M
−1
PAD.MTOT .M
−1
PAD (6)
Mπ matrix can be equated to Yπ for the study of the π network. This is also called
an admittance matrix given by
(
Yπ11 Yπ12
Yπ21 Yπ22
)
Equations for admittance circuits are
YS = −Yπ12 (7)
YSUBin = Yπ11 + Yπ12 (8)
YSUBout = Yπ22 + Yπ21 (9)
The analyzed π network is shown in Fig. 7.
MPAD matrix, which was assumed to be known, can be derived from the equations
given above.
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The quality factor Q of the inductor is defined as the ratio of inductive reactance
to the series resistance at f. The admittance matrix can be used to calculate Q as
well. Q is defined as the ratio of imaginary part to the real part of one-port input
impedance transformed from measured two-port s-parameter and is given by:
Q =
Im
(
1
Y11
)
Re
(
1
Y11
) ∼= ωLRSi
R2S + RSiRS + ω
2L2
(10)
3.2.1 Series Inductance Ls
The total inductance is the sum of self and mutual inductance. F.W.Grover has
summarized many equations and tables for calculation of inductance [27]. Consider
a rectangular strip of wire. The self inductance for such a wire is given by [27]:
Lself = 2l
(
ln
2l
w + t
+ 0.5 +
w + t
3l
)
(11)
where
1. Lself is inductance in (nH).
2. w, t, l are width, thickness, and length of strip in cm respectively.
The self inductance is a function of external magnetic flux linkage; therefore, change
in cross-sectional area has little effect on inductance. The above equation is valid
only for wires having small cross-sectional areas. It has been observed that low cross-
section wires have slightly higher inductance because they tend to produce more
magnetic flux externally.
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Mutual inductance between two wires is given by
M12 = −M di
dt
. (12)
Usually, it is function of change of magnetic flux linkage. Another equation for mutual
inductance is given by
M = 2lm (13)
where l is the length of wire in cm and m is the mutual inductance parameter calcu-
lated as follows
m = ln
[
l
GMD
+
√
1 +
(
l
GMD
)2]
−
√
1 +
(
GMD
l
)2
+
GMD
l
(14)
Here, GMD is geometric mean distance defined as distance between the pitch of two
wires. The equation for GMD is given as
lnGMD = lnp− w
2
12p2
− w
4
60p4
− w
6
168p6
− w
8
360p8
− w
10
660p10
(15)
where w and p are width and pitch of the wire in cm respectively.
Also, the mutual inductance is given by
M = k
√
L1L2 (16)
where L1 and L2 are the self inductances of the two wires and k is the coupling co-
efficient. Greenhouse [2] derived an algorithm stating that total inductance is the
summation of self, positive, and negative mutual inductances. The positive, and neg-
ative mutual inductance depends on the flow of current in each wire. If the current
flow is in the same direction, mutual inductance is positive and vice-versa. Perpendic-
ular wires have no mutual inductance since the magnetic flux linkage between them
is zero.
19
3.2.2 Series Resistance Rs
Before introducing the series resistance, skin and proximity effects are discussed in
detail. At dc or low frequencies current density in a wire is uniform. As the fre-
quency increases, current density tends to become non uniform. This gives rise to the
eddy current effect according to Lenz’s law. The law states that a current carrying
conductor produces own magnetic field to oppose the cause which produces it. Eddy
currents appear in the form of skin effect and proximity effect. When a current car-
rying conductor produces its a time varying magnetic field, it produces eddy currents
in the conductor which is called as a skin effect. The proximity effect is caused when
a conductor is subjected to time varying magnetic field produced by a neighboring
conductor in the vicinity. The result of the effects are non uniform current density
thereby increasing the ac resistance.
Skin depth given by:
δ =
√
ρ
πµf
(17)
Here, ρ is the resistivity in Ω-m, µ is the permeability in H/m, and f is the frequency
in Hz, respectively. The ratio of skin depth to conductor thickness determines the
severity of the skin effect. A spiral inductor is multi-layer structure consisting of
several segments of metal. There is every possibility that current flowing through one
conductor will produce the eddy current in the adjacent conductor. Eddy current can
be reduced by using conductor having large thickness. It is difficult to calculate these
effects theoretically [6]. Simulation tools can assist in this evaluation. The segments
of on chip inductors are assumed similar to the strips of transmission lines. The series
resistance derivation is developed in [16] as follows:
J =
∫
JdA (18)
J =
∫ t
0
J0e
−x/δwdx (19)
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J = J0wδ(1− e−t/δ) (20)
where t is the wire thickness
teff = δ(1− e−t/δ) (21)
the series resistance is given by:
R =
ρl
wteff
(22)
where, ρ and l are the wire resistivity and length, respectively. For calculating total
series resistance, l is replaced by length of all the conductor segments.
3.2.3 Series Capacitance Cs
Series capacitance is the capacitance between the input and output port of the in-
ductor. It provides an alternate path for a signal to flow directly from the input side
to the output side, bypassing the inductor. Series capacitance is modeled as the sum
of the overlap capacitances given by [16]:
Cs = nw
2 εox
toxM1−M2
(23)
where n, w and toxM1−M2 are number of overlap, width and oxide thickness.
3.2.4 Substrate Parasitics
Substrate parasitics are comprised of Cox- oxide capacitance and Rsi and Csi, which
are silicon substrate resistance and capacitance respectively. Rsi describes the con-
ductivity and Csi describes the high frequency capacitive effects. These are given by
the following equations [16]
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Cox =
1
2
lw
εox
tox
(24)
Csi =
1
2
lw
εox
tox
(25)
Rsi =
2
lwGsub
(26)
where
1. Csub is the capacitance per unit area.
2. Gsub is the conductance per unit area.
3. εox is the dielectric constant between inductor and substrate.
4. tox is the thickness between inductor and substrate.
Csub and Gsub depends on the substrate doping concentration. If the same technology
is used for manufacturing inductors, these do not vary significantly.
The π network analyzed suffers from the following drawbacks:
1. Lower quality factor at high (GHz) frequencies due to frequency dependence of
R and L.
2. Frequency dependent and therefore is not suitable for transient analysis and
broadband design.
3. Lacks properties for evaluation of GHz frequency estimation.
To overcome the above mentioned drawbacks IBM Microelectronics [17] proposed a
2π model. In GHz frequency range, resistance and inductance becomes frequency
dependent. The main aim is to catch frequency dependent resistance and inductance.
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0 0RL
Figure 8: Equivalent circuit model of DC condition in spiral inductor on silicon.
L 
R1
1
L 0 R 0
Figure 9: Equivalent circuit model for Skin effect in spiral inductor on silicon.
The single π circuit element can be modeled as given in [17]
(1) DC condition - Current density is uniform and modeled as resistance R0 and
inductance L0 in the series shown in Fig. 8.
(2) Skin Effect - When frequency increases, skin effect comes into play pushing
the current towards the surface. Hence, this is modeled as resistance R1 and induc-
tance L1 in parallel with R0 shown in Fig. 9.
(3) Proximity Effect - Magnetic lines by adjacent conductors causes further non-
uniform distribution of current density. This is modeled as mutual inductance be-
tween L0 and L1 shown in Fig. 10. Referring to the above models of π circuit, a
complete 2π circuit is built as shown in Fig. 11 [17].
Steps followed in the building of the above circuit are:
1. Lm is coupled to L0 and L1.
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0L 0R
Figure 10: Equivalent circuit model for Proximity effect in spiral inductor on silicon.
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subR
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Figure 11: Equivalent 2-π network of spiral inductor on silicon.
2. Substrate circuit is added (Cox, Csub, and Rsub).
3. Cc, Rsc, and Cox are added to take into consideration line-to-line coupling ca-
pacitance and conductive substrate, respectively.
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Equations for resistances and inductances in the circuit [17] are as follows
R0 = (1 + n
−1
r )Rdc (27)
L0 =
(
1− 3.57k
n
3/2
r
)
(28)
R1 = nrR0 (29)
L1 =
L0
0.315nr
(30)
Lm = k
√
L0L1 (31)
where nr is the positive root of
(
0.315R2dc
mω2cirtL
2
dc
)
n2r +
(
εoxlength
2
6CoxLdcc2
)
nr − 1 = 0 (32)
and
k =
√
0.315
m
(
Rdc
ωcirtLdc
)
nr (33)
ωcirt =
3.1
µ0
P
w2
Rsheet (34)
where
1. w = metal width
2. Rsheet = metal sheet resistance
3. P = metal pitch
4. length = total length of metal line
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Figure 12: Electrical circuit representation of two layer inductor.
3.3 Modeling of Multi-Layer Inductors
High Q is the major requirement for integrated inductors used in RFICs. Despite
of their low Q they are used on a large scale in commercial ICs. Many techniques
have been recently developed to increase Q of the inductors used [23],[30]-[42]. One
of the most favorable techniques is use of stacked and / or multi-layer inductors. This
increases the overall inductance to 400% and requires considerably less chip area. The
electrical circuit representation of the two layer inductor on silicon is shown in Fig.
12. The total circuit impedance Z can be calculated by connecting one terminal to
the ground leaving another terminal open circuited.
The total impedance is given by [42]
Z = jω(L1 + L2 + 2M) (35)
where L1, L2 and M are self inductances of layer 1, layer 2 and mutual inductance
between both layers, respectively. Mutual inductance is given by
M = k
√
L1L2 (36)
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where k is the coupling co-efficient and should be 0 < k ≤ 1. But both inductors are
of equal value when stacked. Hence, L1 = L2 = L. Therefore,
M = k
√
LL = kL = L (37)
for k=1. As a result total inductance is raised by 4. Though the structure is multi-
layer, it has one self resonating frequency given by
FSR = 2π
√
LC (38)
where L and C both are equivalent inductance and capacitance respectively [42].
Calculation of inductance can be done by the following procedure in [23], [42]. As
given in [42], equivalent circuit of multi-layer inductor is shown in Fig. 13. It is divided
to have all the inductance and capacitance of the same value. Further approximation
results in distributed model is shown in Fig. 14 [23].
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Figure 13: Equivalent Multi-layer inductor circuit for spiral inductor on silicon.
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Figure 14: Distributed model of π network for two layer spiral inductor on silicon.
Here,
1. Cp is the fringing capacitance from layer to track.
2. C12 is the capacitance formed due to capacitive coupling between both layers.
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4 Equations for Inductance of Different Inductor
Geometries
This chapter deals with all possible equations published in the past for different
inductor geometries. Equations for square, hexagonal and octagonal inductors are
analyzed in detail. The Terman equation is converted to MKS from CGS for the
purpose of result and an appropriate conclusion has been made while modifying the
same. Effect of internal and external dimensions are stated along with the MATLAB
plots.
4.1 Equations for Square Spiral Inductors
Details about the square inductor are discussed in the previous chapter. The var-
ious equations published in the past for square structures are described. All these
equations derived strongly emphasize that the result obtained for inductance are in
nH.
(1) Bryan’s Equation
The empirical equation derived by Bryan [27] is:
L = 6.025× 10−7 × (D + d)×N ( 53 ) × ln
[
4
(D − d)
(D + d)
]
(H) (39)
All dimensions are in meters.
(2) Wheeler’s Equation
Various equations have been developed by H.A. Wheeler [6] for the different in-
ductors of various shapes. It has been observed in [1] that a simple modification in
the original Wheeler’s equation makes it valid for different inductor shapes. With
reference to [1], the modified equation is:
L = K1µ0
n2davg
1 + K2ρ
(H) (40)
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Table I
table of constants
Shape K1 K2
Square 2.34 2.75
Hexagonal 2.33 3.82
Octagonal 2.25 3.55
The inductance by Wheeler’s equation is given as:
L = 1.17µ0N
2 × (D + d)
1 + 2.75×
(
D−d
D+d
) (H) (41)
where K1 and K2 are given in Table I. Equation (41) can be derived from equation
(40) as described - since
davg = 0.5(dout + din) (42)
this can be equated with
D + d
2
(43)
and K1 divided by 2, we get 1.17. This equation is derived for simplicity to avoid
complication of constants. Following a similar procedure hexagonal and octagonal
equations are derived in further subsection.
(3) Greenhouse’s Equation
The empirical equation derived by Greenhouse for square and rectangular geome-
tries in [2] is as follows:
L = 10−9DN2
{
180
[
log
(
D
4.75(w + h)
)
+ 5
]
+
1.76(w + h)
D
+ 7.312
}
(H) (44)
(4) Grover’s Equation
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The inductance by Grover’s [27] equation is given by:
L =
µ0l
2π
[
ln
(
2l
w + h
)
+
w + h
3l
+ 0.50049
]
(H) (45)
where l is the metal trace length given by:
l = 2(D + w) + 2N(2N− 1)(w + s) (46)
(5) Rosa’s Equation
The inductance given by Rosa’s [1], [7] equation is:
L = 0.3175µ0N
2(D+ d)
{[
ln
2.07(D + d)
D− d
]
+0.18
(
D− d
D + d
)
+0.13
(
D - d
D+d
)2}
(H) (47)
(6) Cranin’s Equation
The inductance given by Cranin’s [33] equation is:
L ≈ 1.3× 10−7 × A
5/3
m
A
1/6
totw
1.75(w + s)0.25
(H) (48)
where
Am = w × l (49)
is the metal area and
Atot = D
2 (50)
is the total inductor area. Cranin’s equation gives less than 10% error for the values
of inductances in the range 5 nH to 50 nH.
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Figure 15: Variation of L with respect to variation in inner diameter d for square
inductor equations.
The effects of variation in d, w, s on all 6 above equations are shown in Figs. 15 - 20.
The following conclusions can be drawn from Fig. 15 to Fig. 20:
1. L is directly proportional to d, w, and s for Bryan’s, Wheeler’s, Greenhouse’s,
and Rosa’s equations.
2. L is not directly proportional to d for Grover’s and Cranin’s equations. Instead,
L is dependent upon metal trace length l and Am, Atot for Grover’s and Cranin’s
equations, respectively.
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Figure 16: Variation of L with respect to variation in trace width w for square inductor
equations.
Fig. 21 and Fig. 22 show the variation of inductance for Cranin’s and Greenhouse’s
equations for changing h. Both the equations have direct effects of variation of height
h on the inductance value. It is observed that inductance L is inversely proportional
to h for Cranin’s and Greenhouse’s equations.
(7) Monomial Equation
The inductance given by the Monomial [1] equation is given by
L = 0.00162D−1.21w−0.147
(
D + d
2
)2.4
N1.78s−0.03 (nH) (51)
The effect of variation of d, w, and s on inductance in Monomial equation are shown
in Figs. 23 - 25.
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Figure 17: Variation of L with respect to variation in trace separation s for square
inductor equations.
An increase in w initially causes a decrease in inductance to a certain range. After
a particular range is exceeded i.e after 5 µm, it increases exponentially as shown in
Fig. 24. The same is the case for Fig. 25. Compared to Fig. 24 the decrease is small
and it can be stated that L is proportional to s.
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Figure 18: Variation of L with respect to variation in inner diameter d for Green-
house’s equation.
For all the above equations,
1. D is the outermost diameter.
2. d is the innermost diameter.
3. N is the number of turns.
4. w is the width of each turn.
5. s is the separation between different turns.
and
D = d + 2Nw + 2(N − 1)s. (52)
The values of w, s, and d are in meter for all equations except the Monomial equation.
This is because the Monomial equation requires these values to be substituted in µm
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Figure 19: Variation of L with respect to variation in trace width w for Greenhouse’s
equation.
to get the value of inductance in nH. In the summary of the above equations, it can
be concluded that
1. Outer diameter D is directly proportional to d, w and s.
2. Inductance is directly proportional to d, w and s.
3. Inductance is inversely proportional to h for Cranin’s equation.
4. Monomial equation is the only equation giving inductance value in nH directly.
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Figure 20: Variation of L with respect to variation in trace separation s for Green-
house’s equation.
In the previous chapter, the concept of self and mutual inductance is introduced.
Jenei’s equation uses a similar concept for calculating the inductance of a square
spiral inductor. From [27] a single rectangular trace inductance equation is as follows:
Lself =
µ0l
2π
[
ln
(
2l
w + t
)
+ 0.5
]
(H) (53)
where l, w, and t are length, width, and thickness of the trace, respectively. In most
cases, the number of turns is not complete. There may be a partial or half number
of turns in some applications. Jenei’s [27] equation has been derived considering this
situation. For this the total length of segment is given by
l = (4N + 1)d + (4Ni + 1)Ni(w + s) (54)
where Ni is the partial or half number of turn(s) and s is the spacing between the
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Figure 21: Variation of L with respect to variation in trace height h for Cranin’s
equation.
traces. For square inductor, the total self inductance of all the sides is given by:
Ltotal−self =
µ0l
2π
[
ln
(
2l
N(w + h)
)
+ 0.2
]
(H) (55)
Consider two coils carrying currents arranged in opposite to each other. The change
of current in one coil changes the magnetic flux linking with the other resulting in
negative mutual inductance. Positive mutual inductance is the result of the coils
EMFs if they are adding to each other. For square geometry, same sides produce
positive mutual inductance and opposite sides negative mutual inductance.
Total positive mutual inductance is given by:
M+total =
µ0l
2π
{
ln
[√
1 +
(
l
4Nb
)2
+
l
4Nb
]
−
√
1 +
(
l
4Nb
)2
+
l
4Nb
}
(H) (56)
where b is the average distance between the parallel sides given by:
b = (w + s)
(3N − 2Ni − 1)(Ni + 1)
3(2N −Ni − 1) (57)
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Figure 22: Variation of L with respect to variation in trace height h for Greenhouse’s
equation.
therefore, the total inductance is the sum of self, positive and negative mutual induc-
tances.
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Figure 23: Variation of L with respect to variation in inner diameter d for the square
Monomial’s equation.
Jenei’s Equation The Jenei’s equation is
Ltotal = Ltotal−self + M− + M+total (H) (58)
Substituting values of (11) and (12) in (14), equation expands as below:
Ltotal =
µ0l
2Π
{
ln
[
l
N(w + t)
]
− 0.2− 0.47N
+(N + 1)
{
ln
[√
1 +
(
l
4Nb
)2
− l
4Nb
]
−
√
1 +
(
4Nb
l
)2
+
4Nb
l
}}
(nH) (59)
The effect of d, w, s, and h are shown in Figs. 26 - 29. It is observed that inductance
is inversely proportional to s and h, whereas it is directly proportional to d and w.
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Figure 24: Variation of L with respect to variation in trace width w for the square
Monomial’s equation.
Terman’s Equation
Reference [2] gives us the equation derived by Terman. The equation derived by
Terman is applicable to a simple coil with proper consideration. The equation for a
single turn rectangular coil is given by
L = 0.02339
{
(S1 + S2)log
[
2S1S2
(w + t)
]
− S1log(S1 + g)− S2log(S2 + g)
}
+0.01016
{
2g −
[
(S1 + S2)
2
]
+ 0.447(w + t)
}
(60)
where
1. S1 and S2 are the side length
2. g is the diagonal
3. w is the trace width
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Figure 25: Variation of L with respect to variation in trace separation s for the square
Monomial’s equation.
4. t is the trace thickness
All the dimensions are in inches. For the square inductor, S1 and S2 are equally
indicated by S. Hence the equation (60) reduces to the following:
L = 0.02339(2S)
{
log
[
2S2
(w + t)
]
− log(S+g)
}
+0.01016
{
2g−S+[0.447(w+t)]
}
(61)
converting the above equation in centimeters, 1 inch = 2.54 cm, therefore,
L =
0.02339× 2
2.54
S
{
log
[
2 S
2
2.542
(w+t)
2.54
]
− log
[
(S + g)
2.54
]}
+
0.01016
2.54
{
2g − S + [0.447(w + t)]
}
(62)
The simplified equation (62) is:
L = 0.0184173S
{
log
[
0.7874S2
(w + t)
]
−log
[
(S + g)
2.54
]}
+0.004
{
2g−S+[0.447(w+t)]
}
(63)
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Figure 26: Variation of L with respect to variation in inner diameter d for the Jenei’s
equation.
In the equation (63), all the dimensions are in cm. This equation further converts
these dimensions into meters:
L = 18.4173× 10−4S
{
log
[
0.7874× 10−4S2
(w + t)
]
− log
[
10−4(S + g)
2.54
]}
+4× 10−4
{
2g − S + [0.447(w + t)]
}
(64)
As mentioned earlier, g is the diameter, hence, g =
√
2S. Substituting value of g into
equation (64) and simplifying gives
L = 18.4173× 10−4S
[
log
(
0.7874× 10−4S2
w + h
)
− log(0.95048× 10−4S)
]
+10−4 × [7.3137S + 1.788(w + h)] (nH) (65)
The effect of side, width, and thickness variations on the inductance for Terman’s
equation (65) are shown in Figs. 30 - 32.
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Figure 27: Variation of L with respect to variation in trace width w for the Jenei’s
equation.
The equation derived above is for a single turn only. Following the same procedure,
the equation for multiple turns is derived.
L = 18.4173× 10−4S ×N2
[
log
(
0.7874× 10−4S2
w + h
)
− log(0.95048× 10−4S)
]
+8× 10−4 ×
{
0.914 +
[
0.2235
(
w + h
s
)]}
(nH) (66)
where s is the separation between trace and S is the side of the inductor.
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Figure 28: Variation of L with respect to variation in trace separation s for the Jenei’s
equation.
4.2 Equations for Hexagonal Spiral Inductors
This subsection deals with equations derived for calculating inductance having hexag-
onal structure.
(1)Wheeler’s Equation
Following a similar procedure as that for a square inductor, Wheeler’s equation for
hexagonal [1], [6] structure has been derived. The inductance is given by
L = 1.165µ0N
2 × (D + d)
1 + 3.82×
(
D−d
D+d
) (H) (67)
(2)Rosa’s Equation
The inductance [1], [7] is given by
L = 0.2725µ0N
2(D + d)
{[
ln
2.23(D + d)
D− d
]
+ 0.17
(
D - d
D+d
)2}
(H) (68)
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Figure 29: Variation of L with respect to variation in trace height h for the Jenei’s
equation.
The effect of variation in inductance with respect to d, w, and s for Wheeler’s and
Rosa’s equation are shown in Figs. 33-35.
46
0 100 200 300 400 500
0
5
10
15
20
25
30
35
 S (µm)
 L
 (
nH
)
Figure 30: Variation of L with respect to variation in inductor side S for Terman’s
equation.
(3)Grover’s Equation
The inductance is given by [27]
L =
2µ0l
π
[(
l
6r
)
+ 0.09848
]
(H) (69)
(4)Monomial Equation
The inductance is given by [1]
L = 0.00128D−1.24w−0.174
(
D + d
2
)2.47
N1.77s−0.049 (nH) (70)
The effects of variation in inductance with respect to d, w, and s for the Monomial
equation are shown in Figs. 36 - 38.
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Figure 31: Variation of L with respect to variation in trace width w for Terman’s
equation.
4.3 Octagonal Inductors
(1) Wheeler’s Equation
The inductance [1], [6] is given by
L = 1.125µ0N
2 × (D + d)
1 + 3.55×
(
D−d
D+d
) (H) (71)
(2) Rosa’s Equation
The inductance [1], [7] is given by
L = 0.2675µ0N
2(D + d)
{[
ln
2.29(D + d)
D− d
]
+ 0.19
(
D-d
D+d
)2}
(H) (72)
The effects of variation of inductance for Wheeler’s and Rosa’s equations with respect
to inner diameter d, width w, and spacing s are shown in Figs. 39 - 41.
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Figure 32: Variation of L with respect to variation in trace thickness t for Terman’s
equation.
(3) Monomial Equation
The inductance [1] is given by
L = 0.00132D−1.21w−0.163
(
D + d
2
)2.43
N1.75s−0.049 (nH) (73)
The effects of internal dimensions d, w, and s on Monomial equation are shown in
Figs. 42 - 44.
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Figure 33: Variation of L with respect to variation in inner diameter d for hexagonal
square equations.
Tables II, III, and IV indicating the variation in inductance values for square, hexag-
onal and octagonal equations with respect to the number of turns are shown.
MATLAB plots for variation in inductance due to variation in the number of turns
are shown in Figs. 54 - 59.
50
Table II
square inductance variation with respect to turns
Turns (N) 5 6 7 8 9 10
Bryan (nH) 8.27 12.83 18.7 26.01 34.88 45.43
Wheeler (nH) 6.7 11.02 16.89 24.53 34.19 46.10
Grover (nH) 6.62 9.88 13.89 18.65 24.2 30.55
Rosa (nH) 6.85 11.31 17.38 25.31 35.35 47.75
Cranin (nH) 8.09 13.53 21.01 30.86 43.39 58.94
Monomial (nH) 6.62 10.84 16.55 23.95 33.28 44.73
Jenei (nH) 6.95 11.02 16.37 23.16 31.56 41.72
Terman (nH) 32.11 46.25 62.95 82.23 104.07 128.48
Greenhouse (nH) 12.6 21.9 35.1 52.7 75.5 104.2
Table III
hexagonal inductance variation with respect to turns
Turns (N) 5 6 7 8 9 10
Wheeler (nH) 5.2 8.64 13.22 19.18 26.7 35.97
Rosa (nH) 5.66 9.32 14.28 20.74 29.81 38.98
Monomial (nH) 5.46 8.99 13.77 20 27.87 37.56
Table IV
octagonal inductance variation with respect to turns
Turns (N) 5 6 7 8 9 10
Wheeler (nH) 5.37 8.82 13.5 19.58 27.27 36.74
Rosa (nH) 5.75 9.48 14.54 21.14 29.5 39.81
Monomial (nH) 5.45 8.92 13.61 19.69 27.35 36.75
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Figure 34: Variation of L with respect to variation in trace width w for hexagonal
square equations.
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Figure 35: Variation of L with respect to variation in trace separation s for hexagonal
square equations.
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Figure 36: Variation of L with respect to variation in inner diameter d for the hexag-
onal Monomial’s equation.
All the three tables and MATLAB plots show that as the number of turns increase
inductance increases significantly. Hence inductance is directly proportional to the
turn’s square. When compared, Bryan’s, Wheeler’s, Grover’s, Rosa’s, Cranin’s, and
Monmial’s equations give results in the same range with slight difference for square
shaped inductors. Hence, any one among these or all can be a choice for calculating
the inductance of a square spiral inductor. Further comparison indicates that Rosa’s,
Wheeler’s, and Monomial’s equations gives even close results for square, hexagonal
and octagonal inductors. Hence, these three could be a first choice for square induc-
tor inductance calculation. Similar to the square inductor, Rosa’s, Wheeler’s, and
Monomial’s equations give close results for hexagonal geometries.
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Figure 37: Variation of L with respect to variation in trace width w for the hexagonal
Monomial’s equation.
In the summary, it can be concluded that:
1. Inductance is directly proportional to the number of turns N.
2. Rosa’s, Wheeler’s, and Monomial equations are the best for calculating the
inductance for square, hexagonal, and octagonal geometries.
3. Greenhouse’s and Terman’s equations give higher values of inductance than the
others which are not acceptable.
4.4 Inductance for Circular Spiral Inductor
Similar to square, hexagonal and octagonal inductors, Rosa and Wheeler derived
equations for the circular spiral.
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Figure 38: Variation of L with respect to variation in trace separation s for the
hexagonal Monomial’s equation.
(1) Rosa’s Equation [1], [6] gives the equation as
L = 0.25µ0N
2(D + d)
{[
ln
2.46(D + d)
D− d
]
+ 0.19
(
D-d
D+d
)2}
(H) (74)
The effects of d, w, and s on Rosa’s equation are shown in Figs. 45 - 47.
(2) Wheeler’s Equation
Reference [5] gives the equation as
L = 31.33µ0N
2 a
2
8a + 11h
(H) (75)
(3) Schieber’s Equation
Reference [34] gives the equation as
L = 0.874π × 10−5DN2 (H) (76)
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Figure 39: Variation of L with respect to variation in inner diameter d for the octag-
onal square inductor equations.
4.5 Meander Inductor
A typical meander inductor is shown in Figure 48. The Meander inductor is a com-
bination of small segments. The total inductance is the sum of all self-inductance of
the individual segments and the positive and negative mutual inductances between
the combination of all straight segments. When dealing with mutual inductances as
filaments, it has to be considered from the center. It has a low quality factor because
of its long conductor. These inductors are simple to manufacture. There is no need
for connecting two metal contacts in two levels due to simple structure. This avoids
the complex process of photolithography. The inductance of these inductors can be
calculated by electromagnetic simulators. But those require a long time for providing
accurate results. A special tool called INDCAL (INDuctance CALulation) [28]is
available, which is much faster than electromagnetic simulators. Monomial’s equa-
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Figure 40: Variation of L with respect to variation in trace width w for the octagonal
square inductor equations.
tion is used for optimizing the inductance calculation. Segment self-inductances for
a, b, c, and s are given as
La =
µ0a
2π
[
ln
(
2a
w + h
)
+
w + h
3a
+ 0.50049
]
(H) (77)
Lb =
µ0b
2π
[
ln
(
2b
w + h
)
+
w + h
3b
+ 0.50049
]
(H) (78)
Lc =
µ0c
2π
[
ln
(
2c
w + h
)
+
w + h
3c
+ 0.50049
]
(H) (79)
Ls =
µ0s
2π
[
ln
(
2s
w + h
)
+
w + h
3s
+ 0.50049
]
(H) (80)
Therefore, total self-inductance is given by
Lself = 2La + 2Lb + NLc + (N + 1)Ls (H) (81)
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Figure 41: Variation of L with respect to variation in trace separation s for the
octagonal square inductor equations.
where
1. N is the number of the segments
2. w is the width of the segments
3. h is the length of the segments
4. La, Lb, Lc and Ls are the self-inductances of individual segments
The mutual inductance of two equal parallel segments is given by
M =
µ0l
2π
{
ln
[
l
s
+
√
1 +
(
l
s
)2]
−
√
1 +
(
s
l
)2
+
s
l
}
(H) (82)
for mutual inductance to be positive, currents must flow in the same direction and
vice-versa. As stated earlier, Monomial’s equation is used for optimizing inductance
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Figure 42: Variation of L with respect to variation in inner diameter d for the octag-
onal Monomial’s equation.
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Figure 43: Variation of L with respect to variation in trace width w for the octagonal
Monomial’s equation.
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Figure 44: Variation of L with respect to variation in trace separation s for the
octagonal Monomial’s equation.
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Figure 45: Variation of L with respect to variation in inner diameter d for the Rosa’s
circular inductor equation.
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Figure 46: Variation of L with respect to variation in trace width w for the Rosa’s
circular inductor equation.
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Figure 47: Variation of L with respect to variation in trace separation s for the Rosa’s
circular inductor equation.
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Figure 49: Variation of L with respect to variation in a for the Meander’s inductance
equation.
calculation and is given by
L = 0.00266a0.0603c0.4429N0.954s0.606w−0.173 (nH) (83)
In the above equation, a=c/2. All dimensions are in µm. The effects of variation
in a, c, N, s, and w on equation (83) are shown in Figs. 49 - 53 respectively. This
equation shows that inductance is directly proportional to a, c, N, and s and inversely
proportional to w.
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Figure 50: Variation of L with respect to variation in c for the Meander’s inductance
equation.
0 2 4 6 8 10 12 14 16 18 20
0
0.5
1
1.5
2
2.5
N
L 
(n
H
)
Figure 51: Variation of L with respect to variation in N for the Meander’s inductance
equation.
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Figure 52: Variation of L with respect to variation in s for the Meander’s inductance
equation.
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Figure 53: Variation of L with respect to variation in w for the Meander’s inductance
equation.
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Figure 54: Variation of L with respect to variation in the number of turns N for the
square inductance equations.
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Figure 55: Variation of L with respect to variation in the number of turns N for
Jenei’s equation.
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Figure 56: Variation of L with respect to variation in the number of turns N for
Terman’s equation.
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Figure 57: Variation of L with respect to variation in the number of turns N for
hexagonal inductance equations.
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Figure 58: Variation of L with respect to variation in the number of turns N for
octagonal inductance equations.
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Figure 59: Variation of L with respect to variation in the number of turns N for
Monomial’s inductance equations.
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5 MATLAB Calculators and Design Procedure
5.1 MATLAB Calculator
According to www.smirc-stanford.edu, a MATLAB spiral inductor calculator has been
developed in GUI (Graphical User Interface). In this calculator, different inductor
equations can be compared at the same time. The program requires internal dimen-
sions such as internal diameter d, width w, spacing s, height h and number of turns
N to be entered. The next step involves execution of the program through functions
called “callbacks”. A reset button has been created to reset all the values to zero for
entering the new set of values. A provision has been made such that input entered
should only be a number or it will be not accepted by the program. Similar to the
spiral inductor, a π network calculator has also been developed.
5.2 Design Procedure for Calculating Inductor Dimensions
A simple design procedure has been developed that enables the user to calculate the
inductor dimensions from the inductance value desired. With some suitable approxi-
mations, inductor dimensions can be calculated. This type of technique has not been
reported in literature. The method is theoretical and based on trial and error proce-
dure. It has been applied to many equations cited in Chapter 4. Most of them show
quite accurate results. Due to the lack of simulation tools the comparison has been
made analytically. The square inductor design example has been solved to explain
the method. The steps to be taken are as follows:
1) Desired inductance L = 1 nH.
2) Assume number of turns = 5
3) Internal diameter
d = 10× L× 103 µm = 10 µm (84)
68
4) Width
w = 5× L× 103 µm = 5 µm (85)
5) Spacing
s = 3× L× 103 µm = 3 µm (86)
6) Height
h = 3× L× 103 µm = 3 µm (87)
If these estimated values are substituted in Bryan’s Equation, inductance becomes
D = d + 2Nw + 2(N − 1)s = 10 + 2(55) + 2(5− 1)3 = 84 µm (88)
L = 6.025× 10−7 × (D + d)×N ( 53 ) × ln
[
4
(D − d)
(D + d)
]
(H) (89)
L = 6.025× 10−7 × (84 + 10)× 10−6 × 5( 53 ) × ln
[
4
(84− 10)
(84 + 10)
]
(H) (90)
Therefore,
L = 1.345× 10−9 (H) = 1.345 (nH) (91)
Similarly, these values can be substituted in Wheeler’s, Rosa’s, Cranin’s, and Mono-
mial equations. Table V shows the results for different equations based on the above
procedure. It is seen that all the equations give almost equal results.
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Table V
square inductance equation result table
L (nH) D (µm) Bryan (nH) Wheeler (nH) Rosa (nH) Grover (nH) Monomial (nH)
1 84 1.345 1.091 1.114 1.062 1.052
2 168 2.691 2.183 2.229 2.199 2.119
3 252 4.037 3.275 3.344 3.341 3.196
4 336 5.383 4.366 4.459 4.486 4.277
5 420 6.729 5.458 5.574 5.631 5.362
6 504 8.07 6.55 6.682 6.77 6.449
7 588 9.421 7.641 7.804 7.923 7.539
8 672 10.72 8.733 8.918 9.069 8.631
9 756 12.11 9.825 10.034 10.215 9.725
10 840 13.459 10.917 11.498 11.362 10.821
With some slight modification in assumptions, dimensions of hexagonal and oc-
tagonal inductors can be calculated.
Assumptions made are:
1) Number of turns = 5
2) Internal diameter
d = 12× L× 103 µm = 12 µm (92)
3) Width
w = 6× L× 103 µm = 6 µm (93)
4) Spacing
s = 4× L× 103 µm = 4 µm (94)
5) Height
h = 4× L× 103 µm = 4 µm (95)
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Table VI
hexagonal inductance equation result table
Desired L (nH) D (µm) Wheeler (nH) Rosa (nH) Monomial (nH)
1 104 1.053 1.132 1.085
2 208 2.107 2.265 2.173
3 312 3.16 3.398 3.269
4 416 4.214 4.531 4.368
5 520 5.267 5.664 5.468
6 624 6.321 6.796 6.571
7 728 7.375 7.929 7.674
8 832 8.428 9.062 8.779
9 936 9.482 10.195 9.884
10 1040 10.536 11.328 10.99
Table VII
octagonal inductance equation result table
Desired L (nH) D (µm) Wheeler (nH) Rosa (nH) Monomial (nH)
1 104 1.074 1.15 1.076
2 208 2.149 2.3 2.164
3 312 3.223 3.45 3.257
4 416 4.298 4.6 4.353
5 520 5.372 5.75 5.451
6 624 6.447 6.901 6.551
7 728 7.521 8.051 7.652
8 832 8.596 9.201 8.755
9 936 9.67 10.352 9.858
10 1040 10.745 11.502 10.963
Results shown in Tables VI and VII are hexagonal and octagonal equations.
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The procedure outlined earlier assumes that the number of turns is constant. How-
ever, this is not always true in practical situations. Inductance depends significantly
on number of turns. They cannot be assumed constant. Therefore, a new design
procedure has been proposed. Initially Wheeler’s equation was used as the basis
of design. But it ends up with a fourth order equation which is difficult to solve
analytically. The equation derived was as follows:
L =
1.17µ0N
4
(
4w2 + 4s2 + 8sw
)
− 1.17µ0N3
(
8s2 − 8dw − 8sd + 8sw
)
+ 4.68µ0N
2
2d + 7.5Nw + 7.5Ns− 7.5s (H)
(96)
5.3 Design Procedure Based on Grover’s Equation
An alternative approach in the form of Grover’s equation has been used to design
the internal dimensions of the inductor based on inductance value.The procedure is
explained in detail as follows
(Q) Design the inductor dimensions for an inductor of 1 nH.
Solution -
Grover’s equation
L =
µ0l
2π
[
ln
(
2l
w + h
)
+
w + h
3l
+ 0.50049
]
(H) (97)
In the above equation neglecting ln term, equation reduces to
L =
µ0l
2π
[
w + h
3l
+ 0.50049
]
(H) (98)
Assume internal dimensions same as in section 4.6.2 and
D = 10× d = 100 µm (99)
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Now the only unknown is l. Therefore, solving for l from equation (98).
2πL = µ0l
[
(w + h) + 1.5l
3l
]
(100)
Therefore,
2πL =
µ0l
3l
[
(w + h) + 1.5l
]
(101)
Rearranging for l,
l =
[
6πL
µ0
− (w + h)
]
1.5
(102)
Substituting the assumed values in equation (102),
l = 9994.6 µm (103)
Also,
l = 2(D + w) + 2N(2N − 1)(w + s) µm (104)
Solving for N from equation (104),
l = 2(D + w) + (4N2 − 2N)(w + s) (105)
(4N2 − 2N) = l− 2(D + w)
(w + s)
(106)
Substituting value of l in equation (106),
(4N2 − 2N) = 9994.6− 2(100 + 5)
(5 + 3)
= 1223.07 (107)
Therefore,
N2 − 0.5N − 305.76 = 0. (108)
Comparing this equation to standard 2nd order equation and solving for it’s roots,
N =
0.5±
√
0.52 − 4× 1× (−305.76)
2
=
0.5± 34.96
2
= ±17.73 (109)
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Since the number of turns cannot be negative, selecting N as 17.73, but the number
of turns should be the integral multiple of 5. Hence, selecting N as 17.75 and
recalculating D with these turns,
D = d + 2Nw + 2(N − 1)s = 10 + 2× 17.75× 5 + 2(17.75− 1)3 = 288 µm (110)
Recalculating l by new value of D,
l = 2(288 + 5) + 2× 17.75(2× 17.75− 1)(5 + 3) = 10384 µm (111)
Substituting this recalculated values of l in the equation (98),
L =
4× π × 10−7 × 10384× 10−6
2× π
[
(5 + 3)× 10−6
3× 10384× 10−6 + 0.50049
]
(H) (112)
Hence,
L = 1.039× 10−9 (H) = 1.039 (nH) (113)
Following the same procedure, internal dimensions for 2nH and 3nH inductances can
be developed. The assumptions for d, w, s, h, and D are slightly different than for
1nH.
Those are as follows:
(a) For 2 nH design,
Internal diameter
d = 1.5× d (1nH) µm = 15 µm (114)
Width
w = 1.5× w (1nH) µm = 7.5 µm (115)
Spacing
s = 1.5× s(1nH) µm = 4.5 µm (116)
Height
h = 1.5× h (1nH) µm = 4.5 µm (117)
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External diameter
D = 1.5×D (1nH) µm = 150 µm (118)
(b) For 3 nH design,
Internal diameter
d = 1.5× d (2nH) µm = 22.5 µm (119)
Width
w = 1.5× w (2nH) µm = 11.25 µm (120)
Spacing
s = 1.5× s (2nH) µm = 6.75 µm (121)
Height
h = 1.5× h (2nH) µm = 6.75 µm (122)
External diameter
D = 1.5×D (2nH) µm = 225 µm (123)
The results obtained for inductance values are 2.071 nH and 3.118 nH, respectively,
which are close to 2 nH and 3 nH. Thus, a new design procedure for calculating
inductor internal dimensions based on its inductance value has been proposed. It can
be used as an initial guide for the design of inductor internal dimensions beforehand
without simulating. Proposed procedure has not been reported in the literature.
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6 Integrated Circuit Transformers
6.1 Introduction
Monolithic transformers, also called spiral transformers, are the popular choice along
with the inductors in RFIC circuits. Similar to inductors, these are passive compo-
nents that face drawbacks of limited performance in the GHz frequency range because
of substrate losses and parasitics [1]. These are used for impedance matching, signal
coupling and phase splitting in monolithic microwave integrated circuits (MMIC’s).
Its performance has been improved by increasing substrate resistivity, multilevel in-
terconnection in a process, Cu application in place of Al for metallization [2]-[11]. In
addition to these methods, micromachining techniques used for sensor and actuator
manufacturing and silicon VLSI technologies are used to improve performance [35],
[36].
6.2 Transformer Theory of Operation
The basic principle of operation is the transfer of the magnetic flux from one circuit to
another through high mutual inductance. It consists of two coils placed close to each
other called primary winding and secondary winding. When a current flows in primary
winding, it generates the magnetic flux linking with the primary turns. This flux
links with the turns of secondary winding passing through the core. Due to Faraday’s
law of electromagnetic induction a current is induced in secondary winding. Thus
the current from one circuit is transferred to another circuit without any electrical
connection between them. In some applications, it is used as an isolating device.
While transferring the energy, the power is constant. Fig. 60 shows the electrical
symbol of a basic transformer.
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Figure 60: Transformer electrical symbol
6.3 IC Transformer Electrical Characteristics
6.3.1 Concept of IC/Spiral Transformer
A short transmission line strip is equivalently realized as lumped inductance. Short
circuiting such a line at one end allows one to calculate input impedance Zin given by
Zin ≈ r + jωL (124)
where
• r is the series resistance of line.
• L is the series inductance of line.
A typical spiral inductor is shown in Fig. 61. This is equivalent to a small mi-
crostrip. When a second strip is interwound between the first one, a spiral transformer
is created as shown in Fig. 62. This type of structure was introduced in 1981 by Shi-
bata [36]. Further, various alternate technologies were developed and analyzed by
simulation and experimental measurement [36].
6.3.2 Electrical Characteristics
Referring to Fig. 60, primary current Ip is responsible for producing secondary cur-
rent Is in the secondary winding linking with its the turns. If a load is connected
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Figure 61: Spiral inductor
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Figure 62: Spiral transformer
to the secondary side, a positive voltage is developed across it denoted by Vs. The
corresponding primary voltage is Vp. Ideally all of the flux produced by the primary
winding should link with the secondary winding. However, in practical designs, this
is not possible. Hence a magnetic coupling co-efficient km decides the quality of the
magnetic connection within the circuit.
Another important parameter is the turns ratio denoted by n. It is denoted as:
n =
Vp
Vs
=
Np
Ns
=
Ip
Is
(125)
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where Np and Ns are primary and secondary winding turns respectively. The magnetic
coupling co-efficient is given by
km =
M√
LpLs
(126)
where Lp, Ls and M are primary winding self-inductance, secondary winding self-
inductance and mutual inductance between the two. Ideally, km should be 1. But
in practice its value is between 0.9 and 1. Interconnection between terminals decides
the inverting or non-inverting nature of transformer. For an AC input, if terminal 1
and 2 are connected to output and ground, phase shift between terminals 3 and 4 is
minimal or zero. This is called non-inverting configuration. An opposite connection
gives the inverting configuration.
6.4 Construction and Physical Layout
The general construction of spiral transformers is based on metal layer stacking or
interwinding conductor assembly. It is possible to increase mutual inductance by
stacking metal layers or interwinding metal traces [36]. This results in increased
interwinding capacitance. The equation (89) shows that km is dependent on mutual
and self inductances, which greatly depends on width w and thickness of substrate
[36]. The value of km ranges between 0.75 and 0.9 for silicon VLSI technologies.
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Figure 63: Shibata coupler
S1
P1
P2
S2
Figure 64: Frlan-Style transformer
Four types of arrangements are discussed, [36] namely:
1. Shibata Coupler
2. Frlan-Style Transformer
3. Finlay Winding
4. Concentric Spiral Winding
1. Shibata Coupler
Fig. 63 shows the typical Shibata coupler. In this arrangement, the primary and
secondary windings are interwound with each other. This helps in the improvement
of the overall mutual inductance. Its one drawback is that the primary and secondary
windings are unequal in length, which makes the turns ratio less than one.
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Figure 65: Finlay winding
2. Frlan’s-Style Transformer
To overcome the drawback of the Shibata coupler, Frlan [36] proposed a relatively
new design. The typical arrangement is shown in Fig. 64. The additional advantage
is that the connections are on opposite side for easier connection to other external
circuits.
3. Finlay Winding
This type of arrangement is shown in Fig. 65. The primary and secondary windings
are stacked (overlaid) over one another [21,22]. The overall physical area is reduced
utilizing the edge coupling effect. The thin dielectric layer of typically 1 µm thickness
seperates the two windings for the RFIC fabrication process. It results in increased
flux linkages, causing km to approach 0.9. The two windings are made of different
metal layers giving difference in electrical performance. Overlaying two windings gives
rise to a large parallel plate capacitance effect. This is minimized by keeping some
distance between the top and bottom layers.
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Figure 66: Concentric spiral winding
4. Concentric Spiral Winding
Primary and secondary windings are concentrically arranged as shown in Fig. 66.
Both the windings have different lengths with no symmetry. The coupling co-efficient
is 0.6 in this type of arrangement. The mutual inductance is lower than the self
inductance giving a low k factor. Therefore, application is limited to certain field
only.
6.5 Modeling of Spiral Transformers
The techniques applied for modeling of spiral inductors are equally applicable for
spiral transformers. A spiral transformer is an arrangement of different inductor coils.
Any modeling approach used should be accurate and reliable. Similar to inductors,
transformers can be modeled by electromagnetic (EM) field solver, ASITIC [3]. A
new technique called “Behavior model” is used where a black-box locks the parameter
behavior depending on functional frequency. Another compact method of equivalent
circuit method, is the most popular and is used extensively. It involves the derivation
of st equations to calculate different port parameters. It is quite accurate and provides
reliable output results. Also, this method works great with PSPICE simulation. One
major advantage of the ‘Behavior model’ is that it can accumulate both time and
frequency domain. Early compact circuit models for inductors were based on “π
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Figure 67: Spiral inductor compact model
network” which included seven elements. Advance research has made it possible to
include nine elements. The π network developed had following drawbacks:
1. Lower quality factor at high (GHz) frequencies due to frequency dependence of
R and L.
2. Frequency-independent circuit structure that is compatible with transient anal-
ysis and broadband design.
3. Distributed characteristics to match high frequency behavior for thick metal
cases having coupling capacitance zero or negligible.
Hence, a 2π network have been developed to overcome above mentioned drawbacks.
Same theory is applicable to spiral transformer.
The modeling approach for spiral transformers includes calculation of series induc-
tance, series resistance, interwinding capacitance, quality factor, shunt branch par-
asitics and substrate capacitances. The Greenhouse [2] theory used for calculating
total inductance of a single segment is used for calculating the series inductance. It
is given by:
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Ls =
N∑
i=1
Li +
N∑
i=1
N∑
j=1
Mij (127)
where Li and Mij are the self-inductance and mutual inductance between i and j
parallel segments, respectively. As reported in [36], Mij is dependent on track centers
d and strip length l and is given by:
Mij =
µ0l
2Π
{
ln
[
l
D
+
√
1 +
(
l
D
)2]
−
√
1 +
(
D
l
)2
+
D
l
}
(128)
Here, D is the average diameter given by
ln(D) = ln(d)−
[
1
12
(
w
d
)2
+
1
60
(
w
d
)4
+
1
168
(
w
d
)6
+ ........
]
(129)
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where w is the width of the segment. Series capacitance Cs accounts for fringing
between segments. Parasitic capacitances use Method Of Moments (MOM) for cal-
culating Ci and Co. A more detailed modeling approach and analysis have been
presented in [38]. For study of high frequency capacitive effects, a high frequency
model is derived in [37]. It is possible to shift the high frequency components to
the secondary side by turns ratio. In deriving circuit of Fig. 69, winding-to-winding
capacitance is modified to Co
m
. The sign of turns ratio decides the type of high fre-
quency response. Response is bandpass when ratio is positive and lowpass when
negative [37]. Proper selection of primary and secondary shunt capacitance reduce
the losses between input and output ports. High frequency operation of the trans-
former contributes to conductor losses which results in frequency dependent resistance
and inductance. Models discussed above does not take into consideration this effect.
Hence, a new topology of compact model has been developed in [39]. A major dif-
ference is inclusion of FDT (Frequency Dependent Transformer) cell and frequency
dependent resistance and inductance.
6.5.1 Modeling of Stacked Transformers
It is possible to increase the overall inductance if the inductor coils are stacked one
above the another. The same is applicable in case of stacked transformers. Primary
and secondary windings are arranged on different layers and are interconnected for
optimum performance. The different circuit structure are 1-to-1, 1-to-2 and so on.
1-to-1 means single primary and single secondary are on separate layers and 1-to-2
means single primary is sandwiched between two secondaries. The typical arrange-
ment is shown in Fig. 70 [42]. Here, P is primary and S1, S2 are two secondaries.
It is observed that primary is displaced with respect to secondary to minimize the
capacitance between coupling. This arrangement has an advantage that capacitance
that comes into play is fringe capacitance due to electric lines of force.
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Figure 70: Stacked transformer.
C1,2
RL
RL
C
R
C fringe
C fringe
fringeC
fringe
L
swCsw
C
swCswC
1,2
C
Figure 71: Stacked transformer lumped model.
The equivalent compact lumped model is shown in Fig. 71 [42].
where:
1. L and R represents the inductance and resistance of each spiral segment.
2. C1,2 is capacitance between two secondaries.
3. Csw is the capacitance between winding and substrate.
4. Cfringe is the fringe capacitance.
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7 PCB Integrated Inductors
7.1 Introduction
Low power dc applications require small magnetic components for storage of magnetic
energy. Integrated inductors are regarded as best suitable candidate for the same ap-
plications. When inductors are fabricated on a printed circuit board (PCB), it has to
meet some additional requirements as the construction differs from the normal design.
Methods reported in [40] and [41] state that construction is done by scaling planar
wire or integration of both magnetic core and winding on silicon. Considering cost
as a major factor, the latter approach is followed. When used as a magnetic core and
winding arrangement, the core is usually toroidal on which winding is wound. This
suffers from high winding losses and high resistance effects; therefore, an alternate
pot core structure is used where the core encloses the winding. Material used for
core is nickel (Ni) and iron (Fe). The simplest structure would include just spiral
winding and the absence of any magnetic material. Coreless structures use is limited
due to Electromagnetic Interference (EMI) and efficiency factors. Usually in coreless
structure, a magnetic layer is used for locking the flux produced (dc/dc conversion).
Ri
Ro
tw
tt
tc
w
h
Figure 72: PCB inductor.
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As room for design is limited, there is no standard core structure. There is a limit
for the number of winding and magnetic layers for specified PCB layers. Increasing
one puts the limit on another and vice-versa. Closed core structure proposed in [40]
has been reported to have an improved performance. Fig. 72 shows the typical PCB
inductor.
1. tw is width of winding.
2. tt is the thickness of winding.
3. tc is the thickness of the core.
4. w is the core width of inductor structure.
5. h is the core height of inductor structure.
6. Ri is the internal radius of inductor structure.
7. Ro is the outer radius of inductor structure.
7.2 Core Structures for Inductors
7.2.1 Coreless Inductors
These structures are relatively simple to manufacture. PCB usually has six-layers. It
is possible to increase the inductance value by arranging the largest number of turns
in provided six-layers. Rise in temperature determines the maximum power handling
capability and for currents less than one ampere, efficiency is observed to be constant.
DC impedance calculation use different formulaes and finite element analysis (FEA)
is used for AC calculations.
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Figure 73: Closed core structure.
7.2.2 Inductor with Planar Windings and Magnetic Plates
Addition of magnetic plates in place of planar winding increases the inductance value
[40]. Thickness of plates selected should be less than one skin depth, δ, to limit
eddy currents within a given range. The effect of replacing outer layer winding with
magnetic plates tends to increase efficiency slightly but not the inductance of PCB
inductor [40]. However, these help in improving the EMI effect.
7.2.3 Closed Core Structures
Fig. 73 shows a typical closed core structure. Through-holes are represented by an
annular section. This type of construction restricts use of PCB area for inner core and
winding turns. Closed core structures give much better performance over magnetic
plates than the coreless structure. Closed core structure provides high inductance
value for thickness of two skin depth 2δ instead of δ for magnetic plates. Further,
it has high efficiency in power conversion and handles low power and currents due
to lower reluctance. Closed core structure detail analysis within application of buck
converter is reported in [40].
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8 Conclusion
8.1 Summary
Present work provides detail information on integrated inductors. Construction and
modeling of an IC inductor has been discussed briefly. The equations that are used
for inductor calculations are analyzed. Inductor behavior with respect to its internal
dimensions such as d, w, s, h, and N is uses MATLAB plots. Specific conclusions
have been drawn from the plots after careful observations. A MATLAB spiral induc-
tor calculator and a π network calculator have been developed. A MATLAB spiral
calculator enables the comparison of the different equations at one instant and makes
it easy for selecting the equation that gives the most accurate result. The π network
calculator computes the value of parasitic components in the π model of an inductor.
Both of these have been programmed in MATLAB.
In addition, a theoretical design procedure has been developed. The design pro-
cedure ease the way to calculate the unknown internal dimensions of an inductor for
desired inductance value. While working on the design procedure, it was observed
that some of the equations believed to be accurate are conducive for design. This
can be explained by comparing Wheeler’s equation and Grover’s equation. Wheeler’s
equation was believed to be one of the most accurate for inductance calculation.
However, when used for designing purpose, it ends up with a fourth order equation,
thus making it difficult to solve. On the other hand, Grover’s equation, which was
believed to be less accurate than the former one, aids the design completely. With
initial assumptions, accurate design can be achieved.
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8.2 Conclusions
The following conclusions can be drawn from the MATLAB plots
1. L is directly proportional to d, w, and s for Bryan’s, Wheeler’s, Greenhouse’s,
and Rosa’s equations.
2. L is not directly proportional to d for Grover’s and Cranin’s equation.
3. Instead, L is dependent upon metal trace length l and Am, Atot for Grover’s
and Cranin’s equations, respectively.
4. There is a strong dependence of inductance on the number of turns and it varies
in direct proportion to the square of it.
8.3 Recommendation for future work
A theoretical design procedure has been proposed in Chapter 5. A further step in
improvement of this could be an iterative programming based on design procedure for
calculating inductor dimensions. Development of a program or software of a similar
kind could help RF engineers to know the inductor dimensions beforehand.
8.4 Contributions of the Thesis
1. The effects of internal dimensions on inductor behavior is explained with the
MATLAB plots.
2. MATLAB spiral and π inductor calculators
3. Theoretical design procedure based on Grover’s equation for calculating induc-
tor internal dimensions beforehand
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